Single photon states, which carry quantum information and coherently interact with quantum systems, are vital to the realization of all-optical quantum networks and quantum memory. In this paper we derive the conditions that enable an exact analysis of the response of passive quantum finite-level systems under the weak driving of single photon input. We show that when a class of finite level systems is driven by single photon inputs, expressions for the output states may be derived exactly using linear systems transfer functions. This removes the need for physical approximations such as weak excitation limit in the analysis of quantum nonlinear systems under single photon driving. We apply this theory to the analysis of a single photon switch. The input-output relations are consistent with the existing results in the study of few photon transport through finite-level systems.
Introduction
The coherent interaction between single photons and quantum systems as the photons move within a coherent network, is of fundamental importance to quantum communication and on-chip quantum electronics. Critical photonic components and circuits can be invented by exploiting the behaviour of single photons in interaction with finite-level control systems [6, 22, 23] . For example, it is possible to build a quantum switch [27, 4, 24, 2] which either controls the transmission of photons, or uses the single photon itself as the control to switch on and off a physical process. In particular, the ability to control the flow of single photons using on-chip finite-level systems could give birth to a new generation of light transistors [3, 16] . Additionally, the light-matter interaction is also widely studied for its use in the storage of quantum information [14, 29, 17] , where the media used to implement the memory are often two-level atoms. For these reasons, an exact analysis of the interaction between single photon and finite-level systems is necessary. A typical finite-level system is a quantum two-level system (qubit), whose dynamics would be governed by a complicated and nonlinear stochastic differential equation if the input to the system is an arbitrary state.
Nonlinear dynamics is difficult to analyze and normally there exists no analytical solution. As a result, linearization procedure is often needed in simplifying the model. Taking the simplest atom-photon interaction for example, a lot of efforts have been devoted to simplifying the model into a solvable one. The linearization could be done by assuming the atom remains at the ground state at all times during the interaction, which is called weak excitation limit. This assumption fixes the mean value of the system operators and thus reduces the bilinear terms in the dynamical equations into linear ones [26, 8] . However in some cases, the excitation of the atom can be significant due to the single photon input, which makes the weak excitation assumption inappropriate. In recent years, several approaches were proposed to derive analytical solutions to single photon response [23, 38, 8] beyond the weak excitation limit. These approaches were developed for specific physical models, and their derivations rely on the existence of scattering matrix or scattering modes.
In this paper we are concerned with the exact solutions to the time-domain and frequency-domain system response of general finite-level systems. We are motivated by the observation that the expressions for the output states of a two-level system can be derived exactly using linear systems transfer functions under single photon driving. This linear systems transfer function approach is very favorable, as we can then exploit the abundant tools from quantum linear system theory for solving the response. For example, we could make use of the transfer function approach which was proposed to analyze linear quantum networks [31] . Moreover, the response of linear system to single photon input has been solved in [35, 32] , where the solutions are obtained using a stable inversion technique [35, 25] . Our calculations of the response of finite-level systems to single photon input are thus developed upon [35] . The purpose of this paper is to simplify the modelling and controlling of linear and nonlinear quantum systems [9, 7, 1, 19] using a unified linear approach in certain circumstances. This simplification could be especially useful for the engineering of quantum coherent networks that involve quantum systems interconnected via single photon signals. Therefore, this work is not an analysis of nonlinear input-output relation, as did in [37, 36] . Also, our work differs from [30, 29, 17] . In those works, the systems of concern are just assumed to be linear.
In Section 3, we find the exact solution of a two-level system in response to a single photon input using linear systems transfer functions. That is, we are able to transform the bilinear stochastic differential equation to a linear one under single photon driving. The obtained input-output relation in frequency domain is justified to be equivalent to the input-output relation for linear systems. In particular, the transfer function as we calculated is consistent with the existing physical findings [22, 38, 8] . The single photon inverting pulse [6, 21] which was invented to excite an atom is also rediscovered from our analysis, using the zero-frequency principle [30] . Next, we consider an important class of on-chip interaction which is between an artificial two-level atom and two travelling modes within a waveguide. We can obtain the analytic form of the steady-state output for these systems. Details are given in Section 4. There is also a discussion on the implications of our results on a single photon switch. In the last, we generalize the results to finite-level systems in Section 6, so that the exact input-output analysis could apply to a coherent network containing finite-level components.
Notations and preliminaries
We use X † to denote the adjoint of an operator X which is defined on a Hilbert space H. The notation * is used for indicating the complex conjugate of a complex number. X † = X * if X is a one-dimensional scalar. We also define the doubled-up column vector of operators asX = [X,
where U and V are operators on H. The commutator of two operators is given
An open quantum system often involves a plant interacting with external fields, which can be properly modelled using a triplet (S, L, H 0 ) [13, 11, 12] . S is a scattering matrix. The plant is coupled to the fields through an operator L. In general L could be a column vector of operators when the system has
H 0 is the Hamiltonian of the plant. The total system is governed by the overall Hamiltonian H, which includes H 0 , the internal Hamiltonian of the fields, and the interaction Hamiltonian between the plant and fields. The states of the total system undergo a unitary evolution generated by a unitary operator U (t, t 0 ) = exp(−iH(t−t 0 )). t 0 is the initial time of the evolution. In Heisenberg picture, the evolution of an operator X is defined as X(t) = U † (t, t 0 )XU (t, t 0 ). Driven by bosonic fields, the dynamics of X(t) is described by quantum stochastic differential equations of the forṁ
where the generator G t (X) is defined as
Here b out (t) = U † (t, t 0 )b(t)U (t, t 0 ) defines the annihilation operators of the output fields. b(t) could be a single annilhilation operator for a single channel input, or a column vector of annihilation operators for multiple input fields. For multiple input fields, we can write (2) is generally nonlinear in b(t), which would make the integration of (2) nontrivial [13, 10] .
A single photon input is defined by [15, 12] 
where ξ(r) represents the pulse shape of the single photon in the time domain. |ξ(r)| 2 dr is the probability of finding the photon during t = [r, r + dr), and we have a normalization condition
The Fourier transform is defined by F(f (t)) = ∞ −∞ e −iωt f (t)dt, and the Laplace transform is defined by L(f (t)) = ∞ −∞ e −st f (t)dt. We use ξ (t) to denote the pulse shape of the output state. The transfer function G(s) of the system is defined as the input-output transfer of the pulse shapes: The Pauli operators for a qubit are defined as
The raising and lowering operators for the qubit are given by
3 The response of quantum two-level system to single photon input: one-channel
Time-domain Analysis
We consider a qubit interacting with a single input field. Here by one-channel we mean the incoming photon can only approach the two-level system from one direction, and the output photon travels in one direction only. The internal Hamiltonian of the two-level system is defined as H 0 = ωc 2 σ z . ω c is the transition frequency between the ground and excited states. The qubit is interacting with the photon via a coupling operator L = √ κσ − , κ > 0. κ is a parameter defined by κ = 2πg 2 , where g is the coupling strength between the system and field (See Appendix A). The total system is described by the triplet
and hence the combined system is governed by the quantum stochastic differential equations [28, 34] 
two-level system out in Fig. 1 . A schematic representation of the one-channel interaction. The input and output fields travel in the same direction.
b(t) is the annihilation operator defined on the input channel satisfying [b(t), b(t )] = δ(t − t ), and (8) gives the input-output relation between the incoming and outgoing fields.
The directions of the input and output fields for the stochastic equations (7)- (8) are different from the directions commonly seen in a quantum optics setting. In quantum optics, a single-channel dissipation is often modelled by assuming one mirror of a cavity is leaking while the other mirror is perfectly reflecting. This is referred to as one-sided cavity [28] . A two-sided cavity often have both mirrors leaking and so there are more than one dissipation channels. Therefore, one-channel input usually corresponds to one-sided cavity in quantum optics. For one-sided cavity, the input signal is reflected and so the output field travels in an opposite direction compared to the input. However, as shown in Figure 1 , the input and output fields of (8) propagate in the same direction, which models a transmission process. More details about the directions can be found in Appendix A. As we will show in this paper, this difference in direction only brings an extra negative sign to the output states.
If the initial state is ρ 0 = |0 |0 s | ⊗ 0 s | 0|, then we have
This is easy to see by noting that the two-level system is passive. That is, there is no active element within the combined system and so the total energy is preserved during the evolution. U (t, t 0 ) is the unitary evolution operator acting on the combined system. Since the input is a vacuum state and the qubit is in its ground state, there will be no photon in the qubit and field at all times. For this reason, not only the steady state ρ ∞g is exactly the initial state when letting t → ∞, but also the combined system will remain at the state |0 |0 s | ⊗ 0 s | 0| for any t. As a result, we can further write this evolution as
This property will be used later to convert (7) to a linear dynamical equation.
The steady-state output state of the two-level system is calculated using the following lemma:
The steady-state output state of a two-level system in response to a single photon input |1 ξ in (4) can be expressed as
where we have used the notation
Proof. Replacing the vacuum input with the single photon input defined in (4), the final state of the combined system is calculated by [35, 32] ρ ∞ = lim
The operator in (12) can be simplified as
The output state is obtained by taking the partial trace in the qubit subspace
The next thing to do is to solve for 0 s | 0|f (t, −∞)|0 s and 0 s | 0|f (t, −∞)|1 s . The key is to solve for the 0 s | 0|f (t, −∞) which occurs in both terms. We need to refer to the following lemma, which is a generalization of (10):
The unitary operator U (t, t 0 ) which generates (7)- (8) satisfies
and
where exp(iα t ) denotes a phase shift.
Proof. The system-field couplings are given by
there is no interaction between the field and the system at all times, which proves the Lemma.
To be more precise, we can take a closer look at the overall Hamiltonian generating (7)-(8) (See more details in Appendix A)
The field is composed of oscillators defined on continuous frequency domain, where b(ω) is the annihilation operator for mode ω. b(ω) can be regarded as the Fourier transformation of b(t). g is the coupling strength. Recall that
|0 s = 0, there will be no system-field interaction and hence no photon in the combined system at all times under the action of U (t, t 0 ). In other words, the two-level system remains in its ground state |0 |0 s always, irrespective of a global phase shift generated by the non-interacting Hamiltonian
We can easily obtain (16) using (15):
Based on Lemma 2, if 0 s | 0|A = 0 holds for an operator A, then this equality would not be violated under a rotation which is defined as
Now we are in position to solve for 0 s | 0|f (t, −∞)|0 s and 0 s | 0|f (t, −∞)|1 s .
Lemma 3 Define
as an impulse response function, we have
Proof. First we show that the integration of (7) transforms to the integration of a linear equation under single-photon driving. Applying 0| 0 s | to the left of (7) yields
The last line of (22) is obtained due to the relation
which is implied by Lemma 2.
Based on (22), we can take (7) as a linear stochastic differential equation under the action of 0| 0 s |, and integrate it to be
Due to the relation b out (t) = U † (t, t 0 )b(t)U (t, t 0 ) and (8), we have
Using (19) we have 0| 0 s |b(t)
By (26), we have
where g G −1 (t) is the stable inverse function of g G (t). By Lemma 1 in [35] , we have
Eq. (28) becomes
We have successfully applied the stable inversion technique, which is commonly used for linear systems, to a two-level quantum system. g G − (t) is a function of t and so
* . Now we go to the main result of this section:
Theorem 4 The one-channel output state of two-level system in response to a single photon input ξ(t) can be expressed as
The output pulse shape is given by
Proof. We make use of Lemma 3 to calculate the terms in Eq. (11) as
Similarly, by Lemma 3 we have
Eq. (14) becomes (29) .
The output of the system is still a pure state which is expressed as
In particular, the output pulse shape is the input pulse convolved with the impulse response function g G − (t).
The single photon response to two-level systems has been extensively studied in physics, see e. g. [22, 38, 5] . We have exactly solved this problem using linear systems transfer functions, and have obtained the analytic form of the output state without making any physical approximations such as weak excitation limit or scattering modes. Compared to the results obtained in [35] , the output state is analogous to the output of a single-mode linear system in response to a single photon input, under the condition that the linear system has frequency ω c and decay rate k. This observation is consistent with the existing results from [22, 23, 38] , where the authors have found that the transmission and reflection spectrums for the single-photon transport through a two-level system are analogous to the scattering spectrums for linear cavities.
Frequency-domain Analysis
Since the output pulse shape (30) is a convolution of ξ(t) and g G − (t), we can easily obtain the Fourier transform of (30) using the convolution theorem:
where we have used
u(t) is the Heaviside step function. The frequency-domain input-output transfer function G(iω) matches the calculations in [22, 8, 38] . (33) resembles the linear transfer function of a linear cavity. For a one-sided cavity, the transfer function should have a negative sign in front of ω c as shown in [28] . However in our case, the output field is defined in an oppositive direction and so it is a positive sign before ω c .
Now we turn to zero-dynamics principle [30] for studying the full inversion of the atomic states. The transfer function in s-domain is
By the zero-dynamics principle, if the input state can remove the zeros from the transfer function, then no output will be observed when the input photon is interacting with the system. As a result, the single photon input will be fully absorbed into the system at the end of the input pulse. To remove the zero from (35), we choose the input as ξ(s) = √ κ/(− κ 2 + s + iω c ). The output pulse shape is then given by
The inverse Laplace transform of (36) yields
The pulse shape ξ (t) vanishes for t < 0 and begins at t = 0. In contrast, the input pulse is given by
which is exponentially rising but with a resonant phase component till t = 0. The input photon is fully absorbed into the two-level system, and the system state is inverted to |1 s at t = 0. After t = 0, the photon begins to leak out due to spontaneous emission. The inverting single-photon pulse (38) matches the results from [6, 21] . model could be used to characterize the on-chip interaction between a twolevel system and waveguide, since the photons can travel within the photonic waveguide in both directions [22, 3, 8, 16] . The total system is described by the triplet
Based on (39), we can write down the dynamical equations aṡ
Here we use slightly different notations for the input fields as
We use the notation l in (t) to emphasize our assumption that the input to the first channel comes from the right and goes to the left. Similarly, the photon in the second channel is travelling to the right. Let the input be
where |0 = |0 1 ⊗ |0 2 . That is, initially there is one photon as input in the left-going channel and no photon in the right-going channel.
Similar to Section 3, a strict linear systems transfer function approach is also applicable here.
Theorem 5
The steady-state two-channel output state of the two-level system (39) in response to a single photon input (44) is given by
where η(t) is expressed as
Proof. The steady-state output field state is of the following form
where we define
By Eq. (40), we have
Integrating Eq. (49) from t 0 to t yields
This, together with (41)-(42), gives
by sending t 0 → −∞. The output state can be solved using the stable inversion of (51). Define the impulse response function as
then Eq. (51) can be re-written as
So we have
By the stable inversion technique we can express f 1 (r, −∞) in terms of b(t):
An explicit calculation shows
Using (55), Eq. (54) can be re-written as
Similarly, it is easy to prove
Thus the steady-state output state is a pure state of the form
By Theorem 5, the probability of finding the photon in the left-going output channel is ∞ −∞ |ξ(t) − κ 1 η(t)| 2 dt while the probability of finding the photon in the right-going output channel is
Frequency-domain Analysis
The shapes of the output pulses in these two channels are given by respectively. ξ 1 (t) is left-going, while ξ 2 (t) is the shape of the output pulse that travels to the right. Since η(t) can be written in the form of a convolution, again we can easily obtain η(ω) using convolution theorem. Define two transfer functions as
Simple calculation yields
Obviously, G 1 (iω) corresponds to the transmission process and G 2 (iω) is related to reflection. The two-level system is usually coupled to the left-going and right-going fields of the waveguide with the same strength, which implies κ 1 = κ 2 . In that case, we have G 1 (−iω c ) = 0 and |G 2 (−iω c )| = 1. The component of the input pulse with frequency ω c is all reflected. However, since a single photon pulse with a single frequency is infinite in temporal extent, a single photon pulse of finite width inevitably contains frequency components other than ω c . As a result, a single photon input as defined in (4) can never be completely reflected. The scattering process is shown in Figure 3 , where we have G 11 = G 1 (iω) and G 12 = G 2 (iω). If the single photon input is from the right-going channel, it is easy to conclude G 22 = G 1 (iω) and G 21 = G 2 (iω) due to the symmetry between the inputs and outputs. Note that these four transfer functions are valid only for single photon input. Two-photon scattering may induce significant nonlinear dynamics [18] , and hence these input-output relations will break down if there are more than one photons in the input channels.
The transfer functions in s-domain are 
The transfer function (63) has a zero. We could still try to make use of the zero-dynamics principle to remove transmission signals till t = 0 by choosing ξ(s) =
we have ξ(t) = 0 which is not a single photon pulse. So the zero-dynamics principle becomes trivial when κ 1 = κ 2 . In other words, the zero-dynamics principle may not hold for purely imaginary zeros. Nevertheless, if we can make κ 1 > κ 2 in the physical system, it is easy to see that the transmission signals will be suppressed until t = 0 with the input ξ(s) =
G 2 (s) has no zeros, so the reflection signal always exists as long as the input photon is interacting with the two-level system. Due to the constant loss in the reflection channel, it is impossible to fully excite the two-level system from |0 s to |1 s using a single photon. One way to circumvent this constraint is to split the single photon into two parts and symmetrically couple these two parts to the qubit, as shown in [3, 21] . The other way is to place the qubit at the end of the waveguide, and so the qubit will be interacting with only one channel (See Figure 4) . As we studied in Section 3, a full inversion is possible using a one-channel single photon. Particularly, the authors in [16] have mentioned that this type of design may enhance the absorption of photon.
5 The switching behaviour of quantum two-level system to single photon input
The switching behaviour of single photon controlled by a two-level system can be easily seen by looking at the transfer functions G 1 (iω) and G 2 (iω).
As we have shown in the last section, the all-pass frequency components are determined by
(65) Further calculation shows
By (66), if ω is largely detuned from the transition frequency ω c of the qubit, we have |G 1 (iω)| 2 ≈ 1 and the photon will transmit with high probability.
On the other hand, a perfect reflection happens if
holds. More explicitly, the condition (67) can be calculated to be
Since (κ 1 + κ 2 ) 2 ≥ 4κ 1 κ 2 is always true, (67) admits a solution only if κ 1 = κ 2 and ω = −ω c . In other words, only the frequency component in resonance with the qubit can be reflected if the two channels are coupled to the qubit with the same strength. If κ 1 = κ 2 , there is no frequency component that can be perfectly reflected.
In the next we analyze a switching system which could switch on and off the transmission of a single photon along a waveguide. To enable a switching behaviour, the system should possess two states, and the photon may be transmitted or reflected depending on different states of the system. This function could be realized by using an ancillary two-level system. The total switching system is modelled as [16] 
J is the coupling strength between the two-level systems. Here for simplicity we assume the second two-level system is well decoupled from noise and its state can only be adjusted by external control.
Letting κ 1 = κ 2 = κ, the input-output relations for (69) can be derived as 
holds. The solution to (70) is analogous to the one derive in Sec. 4, with the output state being
where η 1 (t) is given by
The corresponding transmission probability is
Conversely, if the ancillary system is in the ground state |0 s 2 , the output state is given by
In this case, η 0 (t) is defined as
The efficiency of the switch can be simply characterized by
If |P e | = 1, then a perfect switching is achieved. However, as we discussed before, the perfect switching is not possible, and what we can do is to make |P e | as close to 1 as possible by optimizing the input pulse shape.
Example 6 Suppose we want to block the transmission of the photon when the second qubit is in |1 s 2 , and let the photon pass through if the second qubit is at the ground state |0 s 2 . For the second qubit being at |1 s 2 , the transfer function characterizing the transmission process is given by
G 1 (iω) has one zero, however as we have shown in Subsection 4.2, the zeroremoving input in the form of ξ(iω) = 1/[i(ω + ω c + 2J)] does not lead to feasible solution. So instead we use the input
which corresponds to single photon pulse of finite width ending at t = 0. Since the input pulse is peaked at ω c + 2J which is the transition frequency of the two-qubit system, we expect a large portion of its frequency components will be reflected.
Similarly, when the second qubit is in |0 s 2 , the transfer function for the transmission process is changed to
If the coupling strength J is large, a large portion of the frequency components of the input (78) will be largely detuned from ω c − 2J and so they can pass through the system with high probability.
We numerically calculated the transmitted pulses for different switching states .
5.
We let ω c = 1 and then choose κ = 0.0025, which is consistent with the life time of an on-chip atom. A strong coupling J = 0.01 can also be achieved with the state-of-the-art on-chip design. Since κ = 0.0025 is relatively small, the input pulse lasts for a long time. During that time, as we can see in Figure 5 , the transmission is suppressed if the second qubit is in |1 s 2 . Some portion of the photon is absorbed into the qubit during the interaction, which explains the nonzero output after t = 0. Therefore, the output photon has a large occurring probability in the reflection channel while it may be difficult to detect it in the other output direction. When the second qubit is in |0 s 2 , the single photon passes through the qubit nearly without any distortion.
Proof. The final state of the combined system can still be written in the following form
The output state is obtained by taking the partial trace as
Therefore, we need to solve for 0| 0 s |f (t, −∞)|j s . Employing the (I, L, H 0 ) representation for the finite-level system, the stochastic differential equations of the total system can be written aṡ
Particularly by (86) we havė
where each G n , n ∈ {1, 2, 3, ..., N } is a two-level system represented by
The notation is for the interconnection of two systems by series product [11, 33] . (94) models an atomic memory by assuming the atoms are put in series and connected using a single channel. The (S, L, H 0 ) representation of G is thus given by G = (I,
The input-output relation for this system can be calculated using (86) 
As a result, we can treat G as a series interconnection of linear cavities, simply by replacing each σ n − with a n − . a A so-called weak atomic excitation limit is introduced in [20, 14] to approximate the atoms by linear cavities in this memory model. Here we have proven that this approximation is not necessary under single-photon driving.
Conclusion
In this paper we have investigated the response of a class of quantum finitelevel systems which in general should be governed by nonlinear stochastic differential equations. We found the analytical solutions to these dynamics when the input state is single photon state. The future research would include the application of this work to the hybrid coherent quantum networks driven by single photons.
We denote h(t, t 0 ) = U (t, t 0 )b(t)U † (t, t 0 ). The impulse response function is redefined as
−(κ+iωc)t + δ(t), t ≥ 0, 0, t < 0.
(A.15)
The stable inverse of (A.15) can be calculated using Lemma 3. We can then solve (A.11) to get which is consistent with Theorem 5.
